Chapter 4 

Electrostatic Fields in Matter 


Problem 4.1 

E = V/x = 50Q/1CT 3 = 5x10®. Table 4.1: a/4;re 0 = 0.66 x 10" 30 , so a = 4tt(8.85 x 10“ 12 )(0.66 x 10“ 30 ) = 
7.34 x 10“ 41 . p = aE = ed => d = a E/e = (7.34 x 10' 41 )(5 x 10 5 )/(1.6 x 10" 19 ) = 2.29 x 10" 16 m. 

d/R = (2.29 x 10 _ie )/(0.5 x lO -10 ) = 


4.6 x 10”®. 


To ionize, say d — R. Then R — aE/e — aV/ex => V = 


Rex/a = (0.5 x 10“ 10 )(1.6 x lO - 19 ) (10 _ 3 )/(7.34 x 10 -41 ) = 10 s V 


Problem 4.2 


First find the field, at radius r, using Gauss’ law: /E-da - ^ Q enC) or E = j—fiQtnc- 


n r j _ 4?r 3 r 

Qenc — iP tfr — 7 / 

Jo Jo 


e~ 2r/a r 2 dr = % 


- !«-»/• ( r 2 


(r 2 +af+ y) 


\ e -^b +a r + t)-t] 

= Q 

1 -e' 2r/a (l +2- + 2^ 

L V 2/ 2j 


V Q a 2 / J 


[Note: Q eiu: (r -> oo) = q.] So the field of the electron cloud is E t = 57 ^^ [l — e 2r/, “ ^1 + 2~ + 2^ j . The 
proton will be shifted from r = 0 to the point d where E e = E (the external field) : 


E- 


1 9 

47TC0 d 2 


1 _ 6 - 2 rf/o 


K+4)] 


Expanding in powers of (d/a): 

e -2d/a ; 

,d 2 


d\ 2 4 / d s 3 


*- T H ¥ + 


= ^ ~ 2 i~ 2 ^ +2 t +4 § +4 ^~ 2 ^~^ + i^ + 


^ ^ j + higher order terms. 
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CHAPTER 4. ELECTROSTATIC FIELDS IN MATTER 


1 q (A#\ 1 4 1- 

4?reo <P \3o 3 / 47re 0 3a 3 CJ 37reo(i 3 ^ 


a — 37reoa 3 T 


[Not so different from the uniform sphere model of Ex, 4*1 (see Eq. 4.2). Note that this result predicts 
= | a 3 — | (0.5 x 1G" 10 ) 3 = 0,09 x 10 _3O m 3 , compared with an experimental value (Table 4,1) of 
0.66 x lG” 30 m 3 . Ironically the “classical” formula (Eq* 4.2) is slightly closer to the empirical value,] 

Problem 4*3 

p(r) — Ar . Electric field (by Gauss’s Law): /E-da — E (4tvt 2 ) = nc = “ / Q r Ar 4?rr 2 dr , or E — 
1 4ttA Ar 2 

This “internal” field balances the external field E when nucleus is “off-center” an amount 


4?rr 2 Co 4 4 cq 

d : ad 2 /4eQ — E ^ d — y/At^E/A. So the induced dipole moment is p = ed = 2e\fe^ jAyJ~E. Evidently 


p is proportional to E 1 ? 2 . 


For Eq, 4.1 to hold in the weak-field limit, E must be proportional to r, for small r, which means that p 
must go to a constant (not zero) at the origin: p(0) ^ 0 (nor infinite). 


Problem 4,4 
r 


Field of q: f . Induced dipole moment of atom: p = a E = 


4 ?rfq r : 




Field of this dipole, at location of q (0 — i r, in Eq. 3.103): E = — - — ] (to the right). 

4tt€q r 3 \4 ttco r 1 J 

Force on q due to this field: 


F 2q ( 47^0) r 3 


(attractive). 


Problem 4*5 

Field of pi at pa {0 = tt/ 2 in Eq. 3.103): Ej = 


Pi 


47rcor 3 


0 (points down). 


Torque on p$: N2 — p2 x Ei — p^E\ sin 90° — P 2 E 1 — 


P1P2 
4 j irtQ r 3 


(points into the page). 


Field of P2 at pi (0 — 7T in Eq. 3.103): E2 = 
Torque on pi : Ni — pi x E2 ~ 


P2 


(“2r) (points to the right). 


%PlP 2 


4neor 3 


47TC07' 3 
(points into the page). 


Problem 4,6 



Use image dipole as shown in Fig. (a). Redraw, placing p* at the origin, Fig. (b). 


E i = 


47reo(2z) 3 

N - p x Ej - 


(b) 


(2cos0r 4- sin 09 ); p = pcos#? 4- p sin 00, 


[(cos0r + sin# 9) x (2cos0r + sin00)J 


4?reo(22) 3 



p 2 { 

- 7 — v? cos 6 sin 8 cf> 4- 2 sin 6 cos &( — 

4tt€o(2 z) s I 

p 2 sin0cos6U 7, , r . 

4^ D (2z) 3 ( ~ 0) (0Ut ° f the Page) - 
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But sin 9 cos 9 — (1/2) sin 20, so 


N = 


p 2 sin 20 
4?reo(I6z 3 ) 


(out of the page). 


For 0 < 0 < ?r/2, N tends to rotate p counterclockwise; for tt/2 < 6 < tt, N rotates p clockwise. Thus the 


stable orientation is perpendicular to the surface — either f or i. 


2/ 

t E 


7^ 


Problem 4.7 

Say the field is uniform and points in the y direction. First slide p 
in from infinity along the x axis — this takes no work, since F is _L dl. 
(If E is not uniform, slide p in along a trajectory X the field.) Now 
rotate (counterclockwise) into final position. The torque exerted by 

^ E is N = pxE = pE sin Oz. The torque we exert is A r = pE sin 0 

x clockwise , and dO is counterclockwise , so the net work done by ns is 

negative'. 

U ~ pE sin 6 dd — pE (- cos0)|^ 9 = -pE (cos0 - cos|) — —pE cos 0 = -p*E. qed 
Problem 4.8 

U = -Pi-Ej, but E 2 = jy(3(p2'r)r-p 2 ]. So U = [prP 2 - 3{pi*r) (p 2 -r)]. qed 

Problem 4,9 

(a) F = (p - V)E (Eq. 4.5): E = t — — f = " X * + " + 2 * 


■( 


p -i +p ‘i +p ' 


4tt€q r 2 47teo (x 2 + y 2 + z 2 ) 2 / 2 

d_\ q x 

dz) 


4ttcq (x 2 + y 2 + 2 2 ) 3 / 2 


q L 

1 

3 2x 

+ Py 

3 2 y 

4tt£o \ Pi 

Xx 2 +y 2 + z 2 fi 2 

2 X (x 2 +y 2 + z 2 ) 5 / 2 J 

2 X (x 2 +y 2 + z 2 )s/ 2 \ 


+ Pi 


3 

-x 


2z 


. 2 (x 2 + y 2 + x 2 ) 5 / 2 


1 - 


4tt£o 


Pi 3x . . 

— - —( Px x + P]) y + P;z) 


■into 


P^ _ 3r(p ■ r) 
r 3 


F = 


1 q 

4ttco r 3 


[p - 3(p ■ f) f] . 


(b) E = — - — ^ {3 [p • ( — f )] (-f) — p} = •— [3(p ■ ?) f - p] . (This is from Eq. 3.104; the minus signs 

4ttcq r J 4?reo r s 

are because r points toward p, in this problem.) 


F — qE — 


1 q 

4tT€o T* 3 


[3(p • f) f - p] . 


(Note that the forces are equal and opposite, as you would expect from Newton’s third law.] 
Problem 4.10 


1 0 


1 


(a) at, = P*n - kR; p b = -V-P — — =--x-{r 2 fcr) = — -3fcr 2 = -3 k. 

r J or 


(b) For r < R, E = ^prf (Prob. 2.12), so E = -(fc/e 0 ) r. 


For r > R, same as if all charge at center; but Q t ot — (fcii)(4jrii 2 ) + (—3k)(~TiR 3 ) = 0, so E — 0. 
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CHAPTER 4 . ELECTROSTATIC FIELDS IN MATTER 


Problem 4.11 

p b — 0; a i — P*fi — ±P (plus sign at one end— the one P points toward ; minus sign at the other — the one 
P points away from). 

(i) L a. Then the ends look like point charges, and the whole thing is like a physical dipole, of length L and 
charge Pita 2 . See Fig. (a). 


(ii) L a . Then it’s like a circular parallel-plate capacitor. Field is nearly uniform inside; nonuniform “fringing 

field” at the edges. See Fig. (b). 

(iii) L to See Fig. (c). 



Problem 4*12 


V — J d r — p* | J ^ dr I* But the term in curly brackets is precisely the field of a uniformly 

charged sphere, divided by p. The integral was done explicitly in Prob. 2.7 and 2.8: 


1 

4tt£o 


/ 



1 (4/3 )irl?p . 

4tt6q r 2 

1 (4/3 )jR?p 

4neo R 3 


(r > R), ' 

> 

(r < R). j 



p3 

R P-f: 

3e 0 r 2 


R? P cos 8 
3e 0 r 2 

(r > ii), 

So V(r,9) = < 





> 


^ P lt . — 

Pr cos 8 


(r < R). 

4 


"T’—r * i — 

t 3 cq 

3e 0 ’ 





Problem 4,13 


Think of it as two cylinders of opposite uniform charge density ±p . Inside , the field at a distance s from 
the axis of a uniformly charge cylinder is given by Gauss’s law: E2nst — j^pns 2 C E = {pj 2co)s. For 
two such cylinders, one plus and one minus, the net field (inside) is E — E + + E_ — (p/2e 0 ) (s+ - s_). But 


s+ — s_ = — d, so E — — pd/(2co), where d is the vector from the negative axis to positive axis. In this case 


the total dipole moment of a chunk of length I is P (7ra 2 ^) — [p^a 2 I) d. So pd — P, and 

$ < a. 


E = -P/(2e 0 ), 
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Outside, Gauss's law gives E2wst = j^pna 2 £ => E = for one cylinder. For the combination, E — 

E ++ E - = fS(fe~H’ where 


S± 


S± 


s 


2 


( 


!t 



sT 


d 

2’ 


( s;F f) ( s! + T Ts d ) 4K) ('*ir) 55 ?( ST f)( 1±1 ? i ) 

M-- (s ' d> 


qp — ] (keeping only 1st order terms in d). 




E W = ^ ? [ 2 ( p i)i- p ], 


for 5 > a. 


Problem 4*14 

Total charge on the dielectric is Q t ot = $ s &b da + f v pb dr — § s P ■ da — J y V-P dT. But the divergence 
theorem says P - da = / v V-Pdr, so Q enc — 0. qed 

Problem 4.15 

,, 1 d f 2 k\ k ( +p •? = */* (at r — 6), 1 

(a) p» = -V-P =- — = p.n = | _p .. = 4 /0 ( ' atr = 0 j. } 


Gauss's law => E = r, For r < a } Q cnc — 0, so E — Q. For r > 6, Q enc — 0 (Prob. 4.14), so E — 0. 


For a < r < 6, Q e nc = {—) (47m 2 ) + / fl r (-=£) 4 tt r 2 dr — — 47rfca - 4?rft(r - a) = -47r&r; so E = —(k/eor) r . 
(b) § D-da = Q/ cnc = 0^D-0 everywhere. D = e 0 E + P = 0 E = (-l/eo)P, so 


E = 0 (for r < a and r >6); E — — (fc/eor) r (for a < r < b). 


Problem 4.16 

(a) Same as Eq minus the field at the center of a sphere with uniform polarization F, The latter (Eq. 4.14) 

D — cqE — cq Eq + ^P — Dq — P 4- ^P, so 


is -P/3e 0 , So 


1 


E = E 0 + — P. 

3e 0 


D = D 0 -|P- 


(b) Same as Eo minus the field of ± charges at the two ends of the “needle” — but these are small, and far 
away, so 


E = Eq* D “ cqE “ £q^o = Do ^ P, so D — Dq * P. 


(c) Same as Eq minus the field of a parallel-plate capacitor with upper plate at a = P. The latter is 
-(I/e 0 )F\ so 


E = E 0 + £P. 


D — £ 0 E = e 0 Eo + P, so D = D 0 . 


78 


CHAPTER 4* ELECTROSTATIC FIELDS IN MATTER 


Problem 4*17 



P 

(uniform) 




(same as E outside , but lines 
continuous, since V -D =0) 


Problem 4*18 

(Note: D — 0 inside the 

metal plate.) This is true in both slabs; D points down . 


(a) Apply f D ♦ da = Qf cnc to the gaussian surface shown. DA = a A => D = a. 



(b) D = eE E — a/e i in slab 1, E = a/e 2 in slab 2, But e — eoe r > so = 2e 0 ; — §£o* 

E 2 — 2(j/3fo- 


E { = ff/2e 0> 


(c) P = COX^E, SO P — e 0 Xed/(e Q e r ) = (XeA+A Xe = Cr - 1 =* p = (1 - <+ ^1 = ^2 = ff/3 


(d) y = Ei a + £ 2 ^ — (cra/6eo)(3 + 4) — 7aa/6eo * 


(e) p* = 0; 


a b — +p x at bottom of slab (1) — oj 2, 
a b — “Pi at top of slab (1) — —aj 2; 


a b — +P 2 at bottom of slab (2) = a/3, 
a b — —P'l at top of slab (2) = -a /3. 


(f) In slab 1 


■{ 


total surface charge above: a — (a/2) — a /2, 
total surface charge below: (aj 2) — (a/3) + (a/3) 


-(7 = -cr/2, } 


In slab 2 


( total surface charge above: a — (a/2) + (a/ 2) — (a/ 3) = 2a/3, ) 
( total surface charge below: (aj 3) — a = —2a/3, 


>Ei = —.S 

1 2e 0 

e 2 = ~.s 

3fo 


© 

© 


]+!7 

- -ff/2 

- +< 7/2 

- -ff/3 

- +CT /3 


Problem 4*19 

With no dielectric, Co = Ato/d (Eq. 2.54). 

In configuration (a), with +a on upper plate, —a on lower, D — a between the plates. 
E — a/e o (in air) and E — a/e (in dielectric). $°^ r= ^2 + 72 = (l + . 


toA ( 2 'l s 

C a 2e r 

d [mfe) ^ 

Co 1 + c r 


In configuration (b), with potential difference V: E — Vjd, so a = €qE = £q V/d (in air). 
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P = -- to XeV/d (in dielectric), so Ob — — £q XeV/d (at top surface of dielectric). 

(Ttot — t'o Vf d = (jf+<j b = tjf — toXeV/d, so oj = £q V (1 + x*)Id — tat T V jd (on top plate above dielectric). 


r Q 1 / A AN A ( V V \ _ Ae 0 A + «r\ 

Cb= V = VY2 +af 2)-2v{ e0 l +t0 ~d er )-~dr{~-2~)- 

[Which is greater? & - & = ^ & : = ii 4fffer" = W *tli7* tr = feS > «■ So C 6 > C*.] 


Cb _ 1 + e r 

Ca " 2 


Co Co 

If the x axis points down : 



E 

D 

P 

i 7b (top surface) 

a/ (top plate) 

(a) air 


2t r t 0 V - 

0 

0 

2€. 1/ 

(fr + l) d ^ 

(tr + 1) d X 

(f r +ij d 

(a) dielectric 

2 V a 

(^r + 1) d 

2£ r f 0 V w 
b^T) d x 

2(<r-l) en V. 

(f r +l) d 

2{*r — 1 ) f 0 r 

Ur+ij d 

— 

(b) air 

il x 

d * 


0 

0 

U‘-F0 

(b) dielectric 

— X 
d X 

tr d X 

(e r - l)^x 

~7 - 1 W 

(right) 


Problem 4.20 

J'D-da = Q/ enc => £ | 47rr 2 — p|7r7- 3 => £> = |pr => E = (pr/3e)r, for r < R\ D4nr 2 = p|7riJ 3 


=> D = 


pR 3 /Zr 2 => E = {pR? jZt 0 T 2 ) r, for r > R. 


y = -/°E. d i = ^i' i -f f rdr = ef + l-* = (i + -L). 

Jon 3eo ^ m 3e ia 3eo 3e 2 3 cq \ 2e r / 


Problem 4.21 

Let Q be the charge on a length i of the inner conductor. 

Q 


/ 


D da = Di*,t = Q*>D = £ E = („ < , < fc), E = ^ (1 < r < c). 


v = _r E .di=/V^v%/ 

7 


fin (- 

-) + — In f - 

n 

Jc Ja \2xe 0 e) s J b 

\27re£ ^ 

s 2irto£ 


ij £ Vi 

!?/ 


c 

£ 


o_ 

W 


27Te 0 


ln(f>/a) + (l/e r ) ln(c/6) ’ 


Problem 4.22 

Same method as Ex. 
the boundary conditions 


Laplace's 

equation for V^ ri (s 

,0) (s < a) 

(i) Mn 

= V'out 

at s — a, 

(ii) 

- 

to as 

at s — g j 

(iii) V^j U t 


for 5 a. 



From Prob. 3.23 (invoking boundary condition (iii)) : 

CO OC 

Vj n (s*$) — ^ s k (at cos + 6* sin V'outte,^) = -Js^scgs# + ^ s _/£ (c* cos + dk sin A:0). 


i^—l 


k=l 
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CHAPTER 4 . ELECTROSTATIC FIELDS IN MATTER 


(I eliminated the constant terms by setting V = 0 on the yz plane.) Condition (i) says 

^ a k (a* cos k(j> + 6* sin kef?) = — cos 0 + ^ a - * (c* cos &0 + d* sin &0), 

while (ii) says 

t T ^ ha k ~ l {ak cos k(f> + bk sin k<f>) = -Eq cos <f> - ha'~ k ~ i {ck cos k<f> + d* sin &0). 
Evidently = d* = 0 for all ~ c k =0 unless k = 1, whereas for A; = 1, 

aai = — Eoa + a _1 cj, t r a\ — —Eq - oT 2 c i* 

Solving for ai , 


SO T/ , Eq 

ai = ~ >V . ‘ irTo'O so = “ 


(1 + Xe/2) 


r cos 0 “ — 


Eq 


and hence E in (s, 0) — x = 


E 0 


(1 + X./2)' 


(1 + W2)“" (l + Xe/2) ' 

As in the spherical case {Ex, 4*7), the field inside is uniform. 


Problem 4.23 

P 0 = e 0 x e Eu; E, = -i-P 0 = -^E 0 ; P, = e oXe E, = -^E 0 ; E 2 = -^P, = ^E 0 ; 


Evidently E n — Eo, so 

E — Eq + Ei + E 2 + * * * — 
The geometric series can be summed explicitly: 

oo 

Er-rb- 


OO 


U=0 


Eq. 


SO 


n— 0 


E = 


(1 + ^e/3) 


Eq, 


which agrees with Eq. 4.49, [Curiously, this method formally requires that Xe < 3 (else the infinite series 
diverges), yet the result is subject to no such restriction, since we can also get it by the method of Ex. 4.7.] 

Problem 4.24 

Potentials: 

' Vout (r,0) - -EorcosO + £ ;£fr P| (cos 0), (r > b)\ 

< t'medfr’.#) — ^ Pi(cos0), (a < r < 6); 

, Vf n (r,0) = 0, (r<a). 

Boundary Conditions: 

( (i) Vout 


^rrjedi (c — 
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(0 


—EobcosO 4 - 


^Piicosd) = ^2 + i§r) p 't cos0 ); 

.1 5, 1 „ , „ „ V-,. . 


(ii) => + a(cos0) = -Efecos0-£(i + l)^fl(coB*); 


(iii) 
For// 1: 


j4(a J + =0 => Bi — — a 2t+1 Ai. 

a l + l 


(i) 

(ii) 


|t = * B, = A, (6*« - „»+■ 


); 


ft 2J+l 4 1 o 

M,^- 1 + (/ + 1)-^ I = -(/ + 1) jri => B < = 


Xrh) 


6 2J+1 +a 2(+l 


=> 4; = Bi = 0. 


For i = 1 : 


(i) -E 0 b +^ = A l b- < ^- => J?j - £ 0 6 3 = Ai2 (6 3 - a 3 ) ; 


(ii) 


(A* + 2^i ) = -Ea - 2^ =► ~2 B 1 - E 0 b 3 = e r Ai ( b 3 + 2a 3 ) . 


-3£ 0 


So -3^ 3 = 4 1 f2(53- Q 3 )+er{b 3 + 2a 3 )]; = 


i meet (r. 8 ) — 


-3£ 0 


2[1 - (a/6) 3 ] + e r [l + 2(a/6) 3 ] 
EM) = - W med = 


K) 


cos#, 


3F 0 


2[1 - (a/6) 3 ] + e r [l + 2(a/6) 3 ] 


{ ( J + “r) cos0f ~ (* ~ j*) sin ^} • 


Problem 4,25 

There are four charges involved: (i) q , (ii) polarization charge surrounding q, (iii) surface charge (<7$) on 
the top surface of the lower dielectric, (iv) surface charge (*r£) on the lower surface of the upper dielectric* 
In view of Eq* 4.39, the bound charge (ii) is q v = so t ^ ie total (point) charge at (0, 0, d) is 

?t = q + q P = 9/(1 + Xe) = 9/4- As in Ex. 4,8, 


(a) a b 

= CoXe 

-1 qd/e' r 

Vb 


.4^0 ( r 2 

2cq 

_ 

2eo 

(b) °i 

= tOXe 

1 qd/t' r 

°b 


_47re 0 ( r 2 + <F)^ 

2 cq 

2eq 


(here a b — P-n = +P Z = e 0 XeE z )-, 
(here a b = -P z = -t 0 x' e E z)- 


Solve for at,, a' b : first divide by Xe and x' e (respectively) and subtract: 
a' b a b _ 1 qd/e' r 


Xe Xe 27T( r 2 + d 2)§ 


=► ®'b ~ Xe 


0b , 1 9<*/4 

~T 


Xe 2*(r 2 + <P)\ 
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Plug this into (a) and solve for <r&, using ej, = 1 + \‘ e 


a b = 




+ - T^ Xe + x * so 

4 *(r* + d?)s 2 


0 ‘s. 


qd 


Xe 


4?r (r 2 + c£ 2 )l [1 + {\ e + Xe)/ 2 J ’ 


[ -1 1 1 1 

| . so 

y _ 1 V d «rXe/4 

[ 4?t ( r 2 + <£!)§ [1 + (Xe + Xe)/ 2 ] 2jr (r 2 + d 2 )* J 

6 4?r (r 2 + d 2 ) * [1 + (X« + Xe)/ 2 ] ' 


The total bound surface charge is a t = a b + a' b = A e' [ i+~(L+x' )/ 2 ) ( w hich vanishes, as it should, when 

Xe = Xe)- The total bound charge is (compare Eq. 4.51): 


Qt = 


(X, ~X«)g 


2e'[l + (X« + Xi)/2] 


( t'r-Zr \ q_ 

V'r + tr) 4’ 


and hence 



(for 2 > 0). 


Meanwhile, since “+<?* = - 7 


^ -€ r 

r L 4 + € rj 


1 + 


2g 


4 "I" f r 


V{r) = 


[ 2 g /(4 + c r )] 


4?reo 4- t/ 2 + (2 - d) 2 


(for 2 < 0), 


Problem 4.26 

From Ex. 4.5: 


f 0 , 

D = _Q_ f 
l 4xr 2 ’ 


(r < a) 
(r > a) 


E = < 


0 , ^ (r < a) 1 

f , {a <r <b) l 


4tt ^' 2 


, 4 77 tQ, r 


1 ' 


(r > 6 ) 


W = 


1 /■ „ , 1 q 2 , f 1 r b 1 1 2j 1 r°° 1 , 1 <? 2 ( 1 /-r 

- / D-Edr - - 2 - 47r / - / -r-£r 2 dr + — / -rdr ? = r- “ { ~ — 

2 y 2 (4tt ) 2 1 e J a r 2 r 2 e 0 7t f2 J 8?r ^ e \ r , 

IraG-SW}- 


Q 2 

87T€o 


Q 2 


87re 0 (l + Xe) 


(« + tt) 
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Problem 4.27 

Using Eq. 4.55: W = ^ f E 2 dr. From Ex. 4.2 and Eq. 3.103, 
( -1 

E = < "nS r> , SO 


3en ' 

YEP 

- — -r (2 cos 9 ? 4- sin 6 6) , (r > R) 
3<(;r ‘ 

2 


W r< R 

w r>R 


t rP 3 — 


2 tt P 2 R 3 

27 e 0 ‘ 


eo (JLYt 

2 U e 0 J 3 

= “ J -^r (4 cos 2 6 + sin 2 9) r 2 sin 6 dr dO d<f> 


{R 3 P) 


— 27r [* (1 + 3 cos 2 8) sin 6 <19 [°° \ dr = r(/ ,f 7 --- (-cos 0- cos 3 fl)|* 
o Jo Jr r " e o \ 'J r ‘ / 


18e, 


tt(P 3 P) 2 { 4 \ _ 4t rP 3 P 2 


P 3 P) 2 f 

9eo l 


3P 3 / 


27e 0 


WW = 


2t rP 3 P 2 
9eo 


This is the correct electrostatic energy of the configuration, but it is not the “total work necessary to assemble 
the system,” because it leaves out the mechanical energy involved in polarizing the molecules. 

Using Eq. 4.58: W = | /D-Edr. For r < R, D = £qE, so this contribution is the same as before. 
For r < R, D = e 0 E + P = -|P + P = |P = -2e 0 E, so |D*E = -2 t£E 2 , and this contribution is 

now (-2) f |f P IY j = — yf exactly cancelling the exterior term. Conclusion: IT tot — 0. This is not 

surprising, since the derivation in Sect. 4.4.3 calculates the work done on the free charge, and in this problem 
there is no free charge in sight. Since this is a nonlinear dielectric, however, the result cannot be interpreted as 
the “work necessary to assemble the configuration” — the latter would depend entirely on how you assemble it. 

Problem 4.28 

First find the capacitance, as a function of h : 


Air part: E=^=^V = ^Mb/a), 


A = A ; = —A = e r A. 

£q € £q 


OH part: D = & => E = & =>V = & In (6/a), 

Q-\'h + \{l - h) — e r \h ~ Xh + X(- A[(e r - l)/i + i] = \(x e h + £), where i is the total height. 


c = 5 = 4hd r±i) 4 « 0 = 2™ 0 T'* +q 


V 2Aln (b/a) 


ln(6/a) 


The net upward force is given by Eq. 4.64: F — \V 2 - 1 

, eoXeV 2 


The gravitational force down is F = mg — pn(b 2 — a 2 )gh, J 

p(b 2 — a 2 )g ln{b/a) 
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Problem 4.29 


a 


(a) Eq. 4.5 =4> F 2 = (P 2 * V)Ei = (Ei); 


Eq. 3.103 => = 


P i 


0= - 


Pi 


4tt€q r 3 iiregy 3 

P 1 P 2 


F a = 


z. Therefore 

3pip2 


z . 



PT 



1 P 2 

X 

r ; 

E x 


47re 0 


Tv (£)] i = 


47Tf 0 y' 


z, or 



3piP2 . 

r 2 “ j 7 Z 

47reor 4 


(upward). 


To calculate F], put P 2 at the origin, pointing in the z direction; then p\ 
is at — rz, and it points in the — y direction. So Fi = (pi-V)E 2 = 
3E 2 

— pi — — ; we need E 2 as a function of x, y, and z* 

x— y— 0, z — — r 


From Eq. 3.104: E 2 — 
p 2 - r = -piy- 

E 2 — 

5Ea 

dy 


dy 

1 1 

into r 3 


3(p2 ' r)r 


r £ 


- P 


, where r — xx + yy + zz, p 2 = —pi 9, and hence 


P 2 

' -3 y(x x + yy + zi) + (x 2 + y 2 + z 2 )y~ 

P2 

-3 xyx + { x 2 - 2 y 2 + z 2 )y - 3yzi' 

47re 0 

(x 2 + y 2 H- £ 2 ) 5 / 2 

4lT€o 

{x 2 +y 2 + z 2 )5 /2 J 


P2 

4tT€i 


;HS*h 


33 : 1 / X + (x - 2y 2 + z )y - 3yzz] + —(“3xx - 4yy 


y-3*z)l ; 


3E 2 


P 2 Sz 

3r A - 

3pip 2 , 

dy 

(0,0) 

4x^0 r 5 

\47Tto7* 5 / 

4ttco t 4 


These results are consistent with Newton’s third law: Fi = — F 2 . 

(b) From page 165, N 2 “ (p 2 xEi) + (rx F 2 ), The first term was calculated in Prob. 4,5; the second we 
get from (a), using r = ry: 


p 2 X Ei “ 


P 1 P 2 

47TCo^ 3 


(-*); 


r x F 2 



3piP2_ 

47T€or 4 


SpiPi ^ 
47T€o^ 3 ’ 


so 


n 2 


%PiPi . 
4?reor 3 X 


This is equal and opposite to the torque on pi due to p 2l with respect to the center of pi (see Prob, 4,5), 


Problem 4*30 

Net force is 


to the right (see diagram). Note that the field lines must bulge to the right, as shown, because 


E is perpendicular to the surface of each conductor. 
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Problem 4.31 

P = fc r = k(xx + yy + zi) => p b — -V-P = ~k{ 1 + 1 + 1) = 


-3k. 


Total volume bound charge: Q V oi = -~3fca 3 . 


o b = P-n, At top surface, n = z, z = a/2; so o b = ka/2. Clearly, cr b = ka/2 


on all six surfaces. 


Total surface bound charge: Q sur f = 6(ka/2)a 2 = 3 ka 3 . Total bound charge is zero. •/ 


Problem 4.32 


j D-da = Q /enc = 4 > D = 


4?rr 2 


pb = - V-P — — 


QXe 


4?r(! + Xe) 


( v -p) = 


Qsurf = (Tfr(47rfi 2 ) = 


1 + X, 


-Id- 

2 

f 

P = £oX e E = 

<lXe f 

e 

4tt£ 0 (1 + Xe) r 2 ' 

4tt(1 + Xe) r 2 

Xe 

X s (*\ 

(Eq. 1*99); as = P-f = 

<7Xe 

y t , w ; 

1 + Xe 

4jr(l +Xe)-R 2 ’ 


The compensating negative charge is at the center: 

/»‘ iT = -ift/' 53(r! ' ,T = -''r 


Xe 

+ Xe 


*'*' ^ E x % J — E 


V2 


Problem 4,33 

& is continuous (Eq* 4,29); D± is continuous (Eq, 4,26, with a/ — 0). So E Xl 
tiEyi = and hence 

_ E X2 /E yt _ E yi = £2 J 

tan E Xl JE yi E y % ei 

If 1 is air and 2 is dielectric, tan 02 / tan0i — e^feo > 1, and the field lines bend away from the normal* This is 
the opposite of light rays, so a convex “lens 11 would defocus the field lines. 

Problem 4*34 

In view of Eq* 4.39, the net dipole moment at the center is p' = p - We want the 

potential produced by p' (at the center) and a & (at R). Use separation of variables: 


Outside: y(r, 6) — ^ (cos 


(Eq. 3.72) 


1=0 


1 cos 0 w 

Inside: V{r,8) = 77 — ^ A^THcostf) (Eqs. 3.66,3.102) 


47Tto t r T 2 


V continuous at R => 


! 


i=0 


. 


Bi 

R‘+ * l 


= A t R l , 


or B t = R 2l+1 A t {1 / 1 ) 


R? 4tt £ 0 e r R 2 + AlR ' ° T Bl “ + AlR3 


■ 


dv 

dr 




dV 

dr 


R- 


= - E (i + 1 )^ p '<“ s9 ) + 


Ip - 1, p-, 9V 

= P - r = {eoX e E-r) = x« -x- 
to Cq dr 
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-(( + l)^a- lAtRf- 1 = X'lAtR M (l / 1); or - (2/ + 1)4 = xMiR l ~ l => A t = 0 (t ? 1). 

1. 4 =v 4 \ _o 1 P - 4 1^ 3 = 1 XeP . ■■ - 4 i fi3 . 

/? 3 47reo e r R 3 1 e \ 4 tt£o e r ^ 3 / * 47re 0 er 2 47reo e 2 ’ 

1 XeP 


For / = 1: - 
P 

47re 0 eT- 




4# 


47ref)€ r 


1 XeP , AiR 3 
+ Xe 




47T60 


(3 + Xe) = 


4tt£q 


=> A] - 


1 2x e p _ 1 2(e r - l)p B = p r 2(e r - 1) 1 _ p 3<r r 

1 47re 0 fl 3 £ r (3 4- Xe) 47reo R 3 € r [e r + 2) ' 1 4tt£o tr . (e r + 2) 47reoe r e r + 2 


^ = (|g°) (^) <^«). 


, „ ^ ^ ^ 1 p cos 9 1 pr cos 0 2(e r — 1) 

Meanwhile, for r < R, V (r, 8) = 5- + j— - ~ 3 ■ — — rr 

47reo e r r z 47 T€q R d € r (c r + 2} 


p cos 0 
47T€QT 2 €r 


1 + 2 


( tr - iL 

\tr + 21 R 3 


(r < R). 


Problem 4.35 


Given two solutions , V\ (and E* — -Wi, Di = cEi) and V 2 {E2 = — VV2, D2 — eEa), define V3 = V 2 — V\ 
(E 3 — E-2 — Ei> D3 — D2 — Di). 

/ v V-(V 3 D 3 )dr = j s V z D 3 da = 0, (V3 = 0 on 5), so /(W 3 )-D 3 dr + / V 3 (V*D 3 ) dr = 0. 

But = V*D2 “ V*Di — py — p/ — 0, and V l -3 — W2 - VV1 — —E2 + Ei — ^E 3 , so f E3 # D 3 dr — 0. 

But D 3 = Ds - Di = eEs - eEi = eE 3 , so / e(E 3 ) 2 dr — 0* But e > 0, so E 3 = 0, so V 2 — Pi — constant. But 
at surface, V 2 = Vi, so V2 = Vi everywhere, qed 


Problem 4*36 



R 


R 


R 

(a) Proposed potential: 

V(r) = V 0 ~. 
r 

If so, then 

e = -w = y 0 -f, 

in which case 

P=€ oXe Vo^r.. 


il 


in the region z < 0. (P = 0 for z > 0, of course.) Then at — coXe Vo— x{r*n) = 

Rr 


^OXeM) 

R ' 


(Afote; n points out 


of dielectric => n — — f ,) This at is on the surface at r — R. The flat surface z — 0 carries no bound charge, 
since n — z J_ r . Nor is there any volume bound charge (Eq. 4.39). If V is to have the required spherical 
symmetry, the net charge must be uniform: 

£j tot 47rjR 2 = Qtot = 4ntoRV 0 (since V Q = Qtot/4neoK), so a tot = cqVq/R. Therefore 


(€qVq/R}i on northern hemisphere 
(eoVh/ii)(l + Xe)y 011 southern hemisphere 

(b) By construction, a t0 1 = at + a/ — cqVq/R is uniform (on the northern hemisphere at — 0, oj = €qVq/R\ 
on the southern hemisphere at — —£q X eVo/R* so aj — eV$jR). The potential of a uniformly charged sphere is 

y _ Q tot _ cr tot (47r.R 2 ) _ epVo R 2 = y R ^ 

0 47reor 47reo^ R to? ° T 

(c) Since everything is consistent, and the boundary conditions ( V = Vq at r = R t V -4 0 at 00) are met, 
Prob. 4.35 guarantees that this is the solution* 
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(d) Figure (b) works the same way, but Fig, (a) does not: on the fiat surface, P is not perpendicular to ft, 
so we'd get bound charge on this surface, spoiling the symmetry. 

Problem 4*37 

E exl — — s, Since the sphere is tiny, this is essentially constant, and hence P = — E ext (Ex. 4.7). 

2ire 0 s l + Xe/3 



Problem 4*38 

The density of atoms is TV — ^ 3 ^ H 3 - The macroscopic field E is E se | f + E e i S e, where E sc tf is the average 
field over the sphere due to the atom itself. 

P = oE e ] se = ^ l P “ A uE C | SC . 

[Actually, it is the field at the center , not the average over the sphere, that belongs here, but the two are in 
fact equal, as we found in Prob. 3 A Id.] Now 


Esdf = “ 


1 P 

Aneo R 3 


(Eq. 3*105), so 


So 


and hence 


Solving for or. 


E " 47T t0 & Eeise + EeUe “ (* 4*e 0 &) Eelse ~{ * l * 3co ) Eelsc ‘ 

-E = eoXeE, 


P = 


Na 


(1 - Na/ 3c 0 ) 

Na/to 


Xe = 


(l-JVa/3co)‘ 


or 


a — 


Na 

Xe 3fo Xe - 

Na 

=$■ 

eo 

Na i 
eo ' 

>+*: 


eo Ae _ 3e 0 Xe 

■ Blit Xe 


— 1, so 

3e 0 

N (1 + Xe/3t) N (3 + Xe 

“ E r 



Vr+V ' 


qed 


Problem 4.39 

For an ideal gas, N = Avagadro's number/22.4 liters — (6.02 x 10 23 )/(22.4 x 10 ™ 3 ) — 2.7 x IQ 25 . Na/eo — 
(2.7 x 10 25 )(4 tt£o x 10“ 30 )j3/eo = 3*4 x 1Q^ 4 /?, where 0 is the number listed in Table 4.1. 

H: 0 = 0.667, iVa/e 0 = (3.4 x 10" 4 )(0.67) = 2.3 x 10" 4 , x* = 2.5 x 10" 4 

He: £ = 0.205, Na/e 0 = (3.4 x 10^)(0.21) = 7.1 x 10" 5 , Xe = 6.5 x 10“ & agreement is anite eood 

Ne: £ = 0.390, Na/e 0 = {3.4 x 10-“) (0.40) = 1.4 x 10“ 4 , Xe = 1.3 x 10“ 4 ^ a S reement ^ Ulte S ood - 

An £ --- 1.64, Na/eo = (3.4 x 10“ 4 )(1.64) = 5.6 x 10~ 4 , Xe = 5.2 x 10“ 4 
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Problem 4.40 

(a) 


<u) = 


f^ ue- u/tT du = (fcr)» e -“/*r [-fr/gr) - l]|»* g 

f~pE e~ u i kT du -kTe-*/*r\’_% 

, _ f [e -pE /* T - eP £ / fcT ] + [(p£/fcr)e-P^ fcT + (pE/fcT)e pE / H '] 

^ 1 ' e -pE/kT _ e pE/kT 


kT - pE 


e pE/kT e ^pE/kT- 
e pE/kT _ e -pE/kT 


— kT — pE coth 



P - iV{p); p = (pcos^)E - (P ■ E)(E/£) = -»(E/£); P = Np -£g 



Let y - P/Np , x ~ pE/kT. Then y = cothx-l/s. Asx ->0,y = (j + f - « d )~* = f “fs + * 

0, so the graph starts at the origin, with an initial slope of 1/3. As x — y oo, y coth(oo) — 1, so the graph 
goes asymptotically to y — 1 (see Figure). 



For water at 20° = 293 K, p = 6.1 x IQ" 30 C m; JV = x *£» x 


N = (6.0 x 10 23 ) x (i) x (10 6 ) = 0.33 x 10 29 ; Xe = (3 )(sKV-° afc^o-^ltaBa) = ® Table 4 ' 2 S ives an 
experimental value of 79, so it’s pretty far off. 

For water vapor at 100° = 373 K, treated as an ideal gas, sdjjga = (22.4 x 10 “ 3 ) x (§§) = 2.85 x 10 2 m 3 . 


N = 


6.0 x 10 23 
2.85 x 10~ 2 


= 2.11 x 10 25 ; 


(2.11 x 10 25 )(6.1 x 10 -30 ) 2 
(3) (8.85 x 10- ia )(1.38 x 10- 23 )(373) 


5.7 x 10 


,-3 


Table 4.2 gives 5.9 x 10~ 3 , so this time the agreement is quite good. 


